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Surface-wave model nonuniqueness studies

A unique approach for estimating surface-wave instability and nonuniqueness
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Summary

We present a new method for estimating the nonuniqueness
and/or instability of the seismic surface-wave method. This new
approach uses a recently introduced objective function based
on the secular function (i.e., a secular objective function
[SOF]) for finding solutions to the Rayleigh surface-wave
equation, focusing on very few model parameters (e.g., two).
Initial research revealed the existence of a “nearly-exact-data
nonuniqueness” valley with maximum fundamental-mode
differences less than 3%. Another less pronounced valley (at
~60° with respect of the first one) required dispersion-curve
picking errors to be less than 7-10% to minimize the effect of
nonuniqueness. Results indicated that the new approach can
expand the understanding of nonuniqueness or instability
possibilities of the seismic surface-wave method. We think
that the proposed method has the potential to significantly
impact both practical applications and research on the seismic
surface wave method.

Introduction

Estimation of shear-wave velocity (Vs) is important for the
evaluation of stiffness properties in near-surface materials; Vs
increases as material shear strength (rigidity) increases. The
MASW method was initially developed to estimate near-
surface shear-wave velocity from high-frequency (> 2 Hz)
Rayleigh-wave data (Song et al., 1989; Park et al., 1998; Miller
et al., 1999b; Xia et al., 1999b). Shear-wave velocities
estimated using MASW have been reliably and consistently
correlated with drill data. Using the MASW method, Xia et al.
(2000) noninvasively measured Vs that were observed to be
within 15% of Vs measured in wells. Miller et al. (1999b)
mapped bedrock with 0.3-m (1-ft) accuracy at depths of about
4.5-9 m (15-30 ft), as confirmed by numerous borings.

The MASW method has been applied to problems such as
characterization of pavements (Ryden et al., 2004), the study
of Poisson’s ratio (Ivanov et al., 2000a), study of levees and
subgrade (Ivanov et al., 2004; lvanov et al., 2006b), investi-
gation of sea-bottom sediment stiffness (Ivanov et al., 2000b;
Kaufmann et al., 2005; Park et al., 2005), mapping of fault
zones (lvanov et al., 2006a), study of Arctic ice sheets
(Tsoflias et al., 2008; Ivanov et al., 2009), detection of dis-
solution features (Miller et al., 1999a), and measurement of Vs
as a function of depth (Xia et al., 1999a). Applications of the
MASW method have been extended to include determination
of near-surface quality factor Q (Xia et al., 2013) and the
acquisition of more realistic compressional-wave refraction
models (lvanov et al., 2006¢; Ivanov et al., 2010; Piatti et al.,
2013). A review of established surface wave methods (SWM)
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can be found in Socco et al. (2010) and ample textbook
information can be found in (Foti et al., 2015). Most recent
developments of the SWM include the expansion with the use
of the horizontal component of the Rayleigh wave (Boaga et
al., 2013), the simultaneous use of guided-waves with multi-
mode surface waves in land and shallow marine environments
(Boiero et al., 2013), evaluation at landfill sites (Suto, 2013),
and use of the high resolution linear Radon transform (lvanov
et al,, 2017a) to improve both the horizontal and linear
resolution of the final 2D Vs models (lvanov et al., 2017b).

The MASW method includes the following steps. A single
seismic-data record (a.k.a. shot gather) is acquired. These data
are transformed into a dispersion-curve image (Park et al.,
1998; Luo et al., 2009), which is used to evaluate a dispersion-
curve trend(s) of the Rayleigh wave. This curve is then
inverted to produce a 1D Vs model (Xia et al., 1999b). By
assembling numerous 1D Vs models, derived from consecutive
seismic shot records, 2D (Miller et al., 1999b) or 3D (Miller et
al., 2003) Vs models can be obtained.

Similar to other geophysical inverse problems, surface-wave
inversion is mathematically ill-posed (Foti et al., 2015).
Various degrees of both instability and/or nonuniqueness can
be observed depending on the earth model parameters (Ivanov
et al., 2013), assuming availability of accurate density and
compressional-wave velocity (Vp) a-priori information.
However, due to the lack of such a-priori information in many
practical MASW applications and subsequent assumptions
made, Ivanov et al. (2016) evaluated the impact of accurate
density information on Vs inversion. As well, Ivanov et al.
(2019) evaluated the influence of Vp a-priori information and
its updates-during-the-inversion assumptions using real-world
data.

Surface-wave instability and nonuniqueness evaluations
include measuring dispersion-curve data sensitivity to model
parameter changes (Liang et al., 2008) and obtaining
numerous forward-modeling solutions using Monte Carlo
inversion (Socco and Boiero, 2008). However, these
approaches provide only a partial understanding of possible
uncertainties in the final Vs results. They do not provide
insights into nonuniqueness and instability specifics and range.

In efforts to broaden the understanding of surface-wave
nonuniqueness and instability we chose to use a new approach,
which takes advantage of a recently introduced new objective
function (Yuefeng et al., 2019). It is a summed version of the
Rayleigh secular function that uses numerous reference
dispersion-curve data values (aka points) and modifies model
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parameters to find appropriate secular objective function
(SOF) minimums.

In this approach, we used a reference 10-layer reference model
to calculate a fundamental-mode dispersion curve. As an initial
step we chose to only modify the Vs value of layers 5 and 6 to
scan for SOF minimums, which can be viewed as estimating a
“local-model nonuniqueness”. The resulting 2D image
revealed two major bow-shaped nonuniqueness or instability
valleys crossing each other at about 60 (120) degrees. The
bow-shaped valley somewhat bent toward the axes minimums
showed lower values than the other. Five points were selected
to evaluate nonuniqueness. One at the approximate valleys’
crossing point, representing the reference model and two more
per valley. Each of the four latter SOF points represented a
modified model. Corresponding fundamental and first five
higher modes were calculate and compared with their
counterparts from the reference model. Analysis showed that
most of the points were almost an identical match to the
referenced dispersion-curve points. The lower the SOF value
the more dispersion-curve points had almost identical match
not only for fundamental mode but for the higher modes as
well.

Data

We used an arbitrary 10-layer model (Table 1) to calculate a
reference fundamental-mode dispersion curve that would be
used with the SOF calculations. In addition to the fundamental
mode, the first five higher modes were calculated for a
secondary analysis (Figure 1).

Table 1. The 10-layer model parameters used for the calculation of
reference dispersion curves. “HS” stands for “Half-space”

Layer | Vs(m/s) | Vp(m/s) | Dens. (g/m® | Thick (m)
1 189.61 464.45 1.55 1.10
2 212.23 519.86 1.60 1.38
3 288.94 707.76 1.65 1.73
4 368.68 | 883.47 1.70 2.15
5 460.65 | 1128.35 1.75 2.69
6 557.64 | 1365.94 1.80 3.37
7 801.22 | 1962.58 1.85 4.21
8 897.58 | 2198.62 1.90 5.26
9 754.66 | 1848.52 1.95 6.57
10 740.66 | 1814.89 2.00 HS
Method

As a first step, we used the conventional dispersion-curve
sensitivity calculations to identify some of the instability and
nonuniqueness elements with the reference model. Dispersion-
curve sensitivities were estimated by changing Vs of each layer
by 10% and observing the percent frequency change in phase-
velocity values for the fundamental-mode only (for brevity)
(Figure 2). It can be noted that layers 9, 8, and 7 have very
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small influence on dispersion-curve values. Layer 6 through
layer 2 show increased sensitivity in both amplitude and
frequency-range width.

We propose another perspective for estimating possible
nonuniqueness and instability using the SOF, introduced by
Yuefeng et al. (2019). For that method, Vp, densities, layer
thicknesses, and the calculated fundamental-mode dispersion
curve from the reference model were kept constant and the Vs
model was modified. For a selected 1D Vs model (i of M used),
SOF; can be written as;

SOF;= %ZJN (Fi(fj, Cri, vsi, Vo, d, )) =0,

(=1, 2, .., N), where N is the number of dispersion-curve
data points; fj is the frequency and crj the Rayleigh-wave phase
velocity of each point; vsi, vp, d, and h are model vectors
representing the layer parameters.
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Figure 1. Calculated fundamental- and the first five higher mode (from
bottom left to upper right) from Table 1 reference 10-layer model.
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Figure 2. Rayleigh-wave fundamental-mode dispersion-curve
sensitivity.
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Two layers were selected as variable because of the greater
focus and 2D visualization advantages. We chose the 5™ and
6" layers (with 460.65 and 557.64 m/s values accordingly,
Table 1) to examine for nonuniqueness and instability
possibilities using a fundamental-mode-only SOF scan and a
wider velocity range for both layers.

Results

Figure 3 displays a 2D SOF image generated by varying Vs
between 415-570 m/s and 450-640 m/s for layers 5 and 6,
respectively. A ~1.24 m/s velocity increment was chosen,
which is ~0.2% of the maximum velocity (640 m/s). Two
major bow-shaped minimum valleys can be observed crossing
each other at about 60 (120) degrees. The bow-shaped valley
with a steep trend down to the right showed lower values than
the other, near horizontal curve.

Five points representing five different Vs models (because of
the different Vs values for layers 5 and 6) were used from the
2D SOF image (Figure 4). First was the reference-model point
(marked with a red circle on Figure 3; Vs5=460.65 and
Vs6=557.64 m/s), which is positioned at the cross of the two
valleys and had the lowest minimum value. Second was the
point in the upper left, (marked with a red diamond Vs5=418.5
and Vs6=636.5 m/s). Third was another point from the greater-
minimum valley (marked with a red square; Vs5=507 and
Vs6=509 m/s) located at the lower right of the image.
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Figure 3. A SOF 2D image from scanning reference-model layers 5
and 6 Vs with ~1.24 m/s increment.
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Fourth was a point from the moderate-minimum valley
(marked with a red “X”; Vs5=561 and Vs6=574 m/s) at the
right edge of the image. The fifth point was from the same
moderate -minimum valley with a Vs5 almost identical to the
Vs5 of the second point (marked with a red cross; Vs5=419 and
Vs6=636.5 m/s) found at the left edge of the image (Figure 3).
We calculated the fundamental and the first five higher modes
using the above mentioned models 2-5 (Figure 4) and
compared them with the corresponding modes from the
reference model (Figure 5). Comparing the fundamental
modes was given priority because usually the fundamental
mode is the most interpretable, reliable, and widely used in the
practical applications of the surface-wave method.
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Figure 4. Plots of five velocity models a) the reference model from
Table 1, Vs5=460.65 and V6=557.64 m/s (blue line), b) V:5=418.5
and V6=636.5 m/s (red line with diamond marks), c) V:5=507 and
V:6=509 m/s (green line and square marks), d) V;5=561 and V;6=574
m/s (purple line and X marks), and e) V5=419 and V6=556 m/s (blue
line and cross marks)

Diamond and square fundamental-modes were practically a
perfect match to the values given in the reference model. It is
difficult to observe any difference looking at the equivalent
graphs (Figure 5a and Figure 5b). The biggest difference in the
diamond model was in the 20-26 Hz range at -2.3%, -2.62%, -
2.08%, and -1.38% respectively while the rest were between
0-1%. The square model was very similar, with the
corresponding numbers at -2.4%, -2.72%, -2.12%, and -
1.35%.

The fundamental-modes from the cross (Figure 5c) and “X”
(Figure 5d) models had somewhat bigger differences
compared to the reference-model counterpart in the 18-26 Hz
range, enough to be noticeable on the graphs. For the “X”
model they were at -6.87%, -6.00%, -4.31%, -2.80%, and -
1.66% respectively. The cross model mismatch points were
above 1% in the 18-29 Hz range, with the largest difference at
5.60%, 14.41%, 10.29%, 6.10%, 3.26%, and 1.66%.
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Factoring in the above information and considering the above

observation to be representative for corresponding valleys, it Conclusions

can be hypothesized that there is a wide range of points within

the lowest-minimum valley with a “nearly-exact-data We offer a new approach that can expand the understanding of

nonuniqueness”. On the other hand, uncertainties may exist nonuniqueness or instability possibilities of the seismic

along the moderate-minimum valley, if the dispersion-curve surface-wave method. Existing conventional Monte Carlo and

picking error in the ~18-26 Hz range is not below~7-10%. sensitivity methods provide results, which may not be as
informative as results from the approach described here. The

Based on the four graphs in Figure 5, the possibility of using Monte Carlo method makes a cloud of all-layer solution,

the first higher modes to resolve nonuniqueness or reduce which may not allow a thorough understanding. While the

uncertainties does not appear promising due to their almost sensitivity method doesn’t provide nonuniqueness or

perfect match with first higher mode of the reference model instability possibilities for a combinations of layers.

(numerical analysis not included for brevity). Most higher-

mode 2 through 6 points, from the diamond (Figure 5a) and Acknowledgments

square (Figure 5b) models, were also a good match to the
corresponding higher modes of the reference model, with very
few exceptions mostly from the second mode. For the “X”
(Figure 5c¢) and cross (Figure 5d) models more higher-mode (2
through 6) points could be used to resolve nonuniqueness,
however, in practice it may be challenging to observe and/or
interpret points from these higher modes.
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Figure 5. Matching fundamental-mode and the first five higher modes from each of the reference model (circle marks) to the corresponding curves
of the modified models (triangle marks) a) Vs5=418.5 and Vs6=636.5 m/s (red diamond), b) Vs5=507 and Vs6=509 m/s (red square), ¢) Vs5=561
and Vs6=574 m/s (red X), and d) Vs5=419 and Vs6=556 m/s (red cross)
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